Abstract: This short article offers economically intuitive proofs of the Euler equation and the maximum principle based on one of the best known results in economics, namely that the marginal utility of one extra dollar spent on each consumption goods is the same for all the consumption goods as required by budget-constrained utility maximization.
1
This result is justly attributed in the history of economics literature to Hermann Heinrich Gossen (1810-1858), a brilliant predecessor of the Marginalism Revolution in the history of economics, and is therefore refereed to as "Gossen's Second Law" (e.g., [4] , p.220 and [5] , pp.551-2). Nonetheless, the term "Gossen's Second Law" does not appear to be well known among contemporary economists presumably due to widely held reluctance in study of the history of economics. Yet its content is of course known to any economics student. simple though as it might appear, is indeed also a fairly powerful tool, by which one may derive, or at least better understand, other results which may otherwise take sophisticated calculations to obtain.
It may be noted that, as shown below, the reasoning to establish the Euler equation and the maximum principle is straightforward once appropriately famed in economics logic. Somehow surprisingly, however, no such proof is available in the literature (as far as I know). For a discrete-time version of the Ramsey growth model, Heal ([1] , pp.272-6) proposed an economically intuitive argument, namely hypothetically postponing an infinitesimal amount of consumption from one year to another along the optimal consumption path does not increase the maximand, to derive the necessary condition of the optimal consumption-saving plan. The same idea was then elaborated by Jones ([2] , pp. 224-8) in terms of social welfare to characterize the Keynes-Ramsey rule as a necessary condition of a simple Ramsey growth model. In his textbook of macroeconomics, Romer on a few occasions made masterful use of economic reasoning to obtain the first order conditions for some well specified models, e.g., the Ramsey growth model with a constant relative risk aversion (CRRA) utility function ( [6] , pp.49-56). However, to intuitively derive the Euler equation for models of well-defined economic issues with specified functional forms is one thing, and to prove the Euler equation in its general form is quite another.
Economic Intuition
where ) (t x is piecewise continuously differentiable and T could be infinity.
Recall that for the simplest budget-constrained utility maximization problem wherein the prices are the same for all the n consumption goods
with I being the income budget,
the principle of MUD requires that,
We may re-state problem (1) as
That is, V can be treated as the maximized value of the integral of F, as a function of
. Note that, given the initial point-value, (4) is essentially no more than a continuous version of problem (2) .
Consequently, the marginal change in V caused by an infinitesimal increase in
should be the same at optimum.
For the sake of illustration, we may view the decision horizon of problem (4) as a period from year 0 t to year T. To simplify notation, the solution to problem (4) is
in the rest of this section. As the length of each "year" approaches zero,
by an infinitesimal amount at any year but nowhere else leads to the same change in V, by the MUD principle. For the particular year * t , let ) (t x & increase by a small number δ . Thus,
As a consequence, the change in V directly caused by a hypothetically infinitesimal all the following years must be also increased by δ . That is,
Thus, the change in V caused indirectly by a hypothetically infinitesimal change in
It follows from (6) and (8) 
Proof of the Euler Equation
We now present a rigorous treatment of the above economic intuition by considering a specific manner in which ) (t x & is increased infinitesimally around * t t = . As above, the optimal solution to (1) is denoted as ), 
where ε and δ are two small positive numbers. Then, As shown below, however, when letting , 0 → δ this is not a problem at all. Note similarunnecessary -concern effectively applies to the logic of Equations (2) and (3), as any small increase in
) alone violates the budget constraint. . As a consequence,
The principle of MUD requires the above must be the same for any value of . * t Differentiation of RHS of (11) w.r.t. * t thus equals zero, i.e., *)
. The Euler equation is established. Note our proof applies to multi-dimension Euler equations as well, for which the analysis is essentially the same, yet with a bit more cumbersome notations.
Proof of the Maximum Principle
Consider the control problem with a fixed value of the state variable at the terminal-point,
The solution to problem (12) 
The first order condition of problem (13) is,
We signify the solution of (13) . But that is not a problem, for apparently our argument below applies to such a general case.
Problem (12) can thus be equivalently formulated as
The solution to (15) 
